Abstract. There are many sources of free energy available in the form of heat that is often simply wasted. The aim of this paper is to design and build a low temperature differential Stirling engine that would be powered exclusively from heat sources such as waste hot water or focused solar rays. A prototype is limited to a low temperature differential modification because of a choice of ABSplus plastic as a construction material for its key parts. The paper is divided into two parts. The first part covers a brief history of Stirling engine and its applications nowadays. Moreover, it describes basic principles of its operation that are supplemented by thermodynamic relations. Furthermore, an analysis of applied Fused Deposition Modelling has been done since the parts with more complex geometry had been manufactured using this additive technology. The second (experimental) part covers 4 essential steps of a rapid prototyping method -Computer Aided Design of the 3D model of Stirling engine using parametric modeller Autodesk Inventor, production of its components using 3D printer uPrint, assembly and final testing. Special attention was devoted to last two steps of the process since the surfaces of the printed parts were sandpapered and sprayed. Parts, where an ABS plus plastic would have impeded the correct function, had been manufactured from aluminium and brass by cutting operations. Remaining parts had been bought in a hardware store as it would be uneconomical and unreasonable to manufacture them. Last two chapters of the paper describe final testing, mention the problems that appeared during its production and propose new approaches that could be used in the future to improve the project.
Introduction
A Stirling engine was officially presented to the public on 27 th September 1816, when twenty-six-years-old Scottish farmer Robert Stirling (1790-1878) patented his discovery under the number 4081. In that era this marvelous device represented an alternative to a steam engine, which was preferred type of driving during and long after the Industrial
Parts and modifications of Stirling engine
The Stirling engine consists of 4 main parts that are indispensable for its operation. In the Fig. 1 there is a simple diagram of the engine developed by Robert Stirling. In this case, the regenerator and the cooler is separated from the engine body, however it does not have to be always like that. The function of heat exchangers is to supply heat and create two poles with two different temperatures [2, 5] . A displacer moves a gas between a hot side and a cold side of the engine evenly which warms it up and cools it down periodically [2, 5] . This ensures a cyclic expansion and a compression of the gas. The periodical expansion and compression of the gas move a power piston, that transmits work to a driven mechanism of the machine [2, 5] . The most sophisticated part of the Stirling engine is the regenerator. It is usually made of a conductive material and works as a temporary storage of the heat. The regenerator can quickly take the heat from the warm gas that flows through it and releases it back right at the moment when it starts to flow in the opposite direction. The result is a significant increase of a device efficiency. John Ericsson stressed the regenerator importance, by his equation: "...We will show practically that bundles of wire are capable of exerting more force than shiploads of coal..." (Said in 1855) [2] .
Fig. 1. Drawing of Engine Developed by Stirling Brothers in 1840 [1]
There are 3 different modifications of the engine and are usually marked by letters of Greek alphabet α, β and γ [1, 2, 3, 5] . They all are based on the same principle, which is shown in the Fig. 1 . They only differ from each other by an arrangement and shape of the individual components.
The α configuration has two pistons, which are stored in two separate cylinders. These are connected to the heater, regenerator and cooler. From a mechanical point of view this is a simple configuration that stands out for its high ratio of performance to the cylinders volume. Its disadvantage is that both pistons must be sealed against a leakage of gas, which is a difficult task particularly in the case of the piston that works on the hot part of the engine [1, 2, 3, 5] . For the configuration β it is typical that the displacer and the power piston share only one cylinder. Therefore, it is a quite compact design, which stands out thanks to its small dead volume (the volume of gas that does not take part in the cycle). From the mechanical point of view, it is a very simple device, since the displacer and power piston are both connected to the same point at a crankshaft. The only complication is that the displacer's rod, which connects it to the shaft, passes through the power piston. This produces higher demands on the sealing of the gas in the cylinder [1, 2, 3, 5] . The γ and the β configuration are very similar. The only difference is that the displacer and the power piston of the modification γ are stored in two separate cylinders. This minimalizes demands on the sealing of the gas. The modification is only suitable for very small engines, which power is in hundreds of Watts [1, 2, 3, 5] . However, in comparison with others, this configuration can be built quite easily from cheap materials using exclusively simple hand tools. If the engine is designed ingeniously, it is possible to run it even when the temperature difference between two sides of the heat exchanger is almost imperceptible. Because of the use of the ABS plastic as the construction material, this is one of the main requirements for this project.
Thermal efficiency of engine with configuration γ which uses Stirling cycle for its operation
A special characteristic of the modification γ is that the cylinder that stores the power piston is often located at the cold side of the engine. Therefore, there is always a small amount of the unheated gas in the cylinder, even after the stage of isochoric heating. To simplify a calculation, it is often necessary to make an assumption that the temperature of the unheated gas equals the temperature of the cold side of the heat exchanger [5] . A total amount of the working gas in the cylinder can be calculated using the following equation:
Where: V total [m 3 ] -is the total volume of the working gas, V hot [m 3 ] -is the volume of the heated working gas, V cold [m 3 ] -is the volume of the unheated working gas. A total amount of the substance can be calculated using the following equation:
Where: η total [mol] -is the total amount of the working gas, η hot [mol] -is the amount of the heated working gas, η cold [mol] -is the amount of the unheated working gas.
The ideal gas equation for the working gas in the point 3 of a p-V diagram, which is shown in the Fig. 2 , has the following form:
Where:
-is the pressure of the working gas,
-is a gas constant, T hot [K] -is the temperature of the heated working gas, T cold [K] -is the temperature of the heated working gas.
From the p-V diagram shown in Fig. 2 , it is obvious that the work done during the expansion of the isothermal expansion is equal to the surface under the curve W e between the points 3 and 4. Because there are no losses to consider, the work done for each part of the cycle is the same as heat added to the gas:
-is the work done during the isothermal expansion,
-is heat added to the gas.
By expressing the pressure p used in the equation number (3), and by its substitution in equation (4), the following relation can be obtained:
The compression ratio of the engine is the quotient of the maximum and the minimum volume of the system in the cycle. In this case:
-is the compression ratio,
-is the volume of the working gas in the point 3,
] -is the volume of the working gas in the point 4. By integrating of the expression (5) and using the equation for the compression ratio (6), it is possible to derive an equation to calculate heat added to the system during the isothermal expansion:
Furthermore, it is necessary to derive the equation which would define the work that performs the gas in the stage of the isothermal compression. This action takes place between points 1 and 2 in the Fig. 2 . At this stage, there is no heated gas in the system. Therefore the temperature equals to T cold . The gas equation for this stage has the following form:
The work that is necessary for the compression of the working gas during the isothermal compression is equal to the surface under the curve 1 and 2 in the p-V diagram in the Fig. 2 . Substituting the pressure p by (8):
The total net work obtained in one cycle W net is the sum of the work done during the compression and the following expansion of the gas:
W net -is the total net work obtained in once cycle. Substituting (7) and (9) to (10):
The total cycle efficiency is defined as the ratio between the total net work output and the total heat input. Substituting W net by (7) and Q e by (11) the following equation is obtained: 
Where: η t,γ -is the thermal efficiency of the modification γ. Or more simplified (12): Fig. 3 and Fig. 4 have been created using the equation (13) . Even though this relation is valid only for the ideal cycle, it expresses two essential facts about the γ modification of the engine:  When the compression ratio rises, the thermal efficiency of the engine decreases.  When the temperature difference rises, the efficiency increases logarithmically. 
Design of Stirling engine
The aim of this project is to make a model of the engine that uses the principle of the Stirling cycle for its operation. All parts with the complex shape are manufactured using the additive technology Fused Deposition Modeling (FDM). Remaining parts are either produced using hand tools or simple industrial machines, or bought in the hardware store. These are mainly screws, sealing and wires, which would be uneconomical to manufacture, or the sheets of metals coming to a direct contact with augmented heat during the engines operation. Because the ABS plus plastic has low resistance against high temperatures, the whole concept is designed to work at the temperature difference lower than 50 °C. The idea of the whole design is to make the compact engine that would be extremely easy to assemble and disassemble and would be built from the parts that can be easily replaced in a case of optimization. It is intended that the engine would serve for training purposes, therefore there is an effort to create a structure that would withstand rather incautious treatment. For this reason, it is not expected to achieve significant performance or high revolutions. The goal is to make the engine strong enough to be able to stay in the operation as long as it is possible at extremely low temperature difference. Digital visualization of the model is shown in the Fig. 5 and Fig. 6 .
The engine has been composed of 11 parts produced by the technology FDM. Low thermal conductivity of the ABS plus plastic is beneficial for the parts like the displacer or cylinder. For the rest of the printed parts, its thermal conductivity does not affect their proper function.
In cases, where material properties of the ABS plus plastic impede the proper function of the parts are designed to be as simple as possible, so they could be manufactured using hand-tools or simple industrial machines. Those are the aluminum plates forming sides of the heat exchanger and have to be made out of materials with a high thermal conductivity. It is decided to use a 2.5 mm thick aluminum sheet that is shaped by shearing. The work piston and the cylinder are machined using a lathe. It is not possible to find more adequate technology, because the power piston has to be stored in the cylinder with high precession so it can move from end to end with minimal friction.
The remaining parts that formed the engine are standardized and available in the hardware store. These are a set of M3 size screws of various lengths, nuts, washers, sealing, wires, bearings and a shaft. 
Manufacturing of model
The digital model is created in a parametric modeler Autodesk Inventor. All parts are saved in a stereolithography (*.stl) format afterwards. The *.stl format is the standard format for a majority of rapid prototyping technologies. A volume of parts saved in the *.stl format is a compound of an unorganized mesh of triangular shaped surfaces [7, 8, 9, 10] . The position of each of these triangles is given by the coordinates X, Y, and Z of each of its vertices and a normal vector to its surface. The direction of the vector determines the orientation of the triangle. It defines the side of the triangle that would be oriented outwards of parts body [7, 8, 9] . The next essential finding is that a geometry of the *.stl part is always an approximation of the shape created by the parametric modeler. How close the shape of the *.stl part would get to the shape of the parametric model is determined by the density of the triangular mesh [9, 11] . When the model is converted to the *.stl format, various types of defects can be generated in the mesh. The most common are flipped triangles, boundary edges, bad edges, holes, shells, intersecting or overlapping triangles [7, 9, 12] . The overwhelming majority of defects that are originated during the export of the parts to the *.stl format, are successfully eliminated using the software MiniMagics. Few overlapping triangles are not eliminated in a case of the parts with the most complex geometry. However, this type of defects does not affect the final result of a manufacturing process, therefore it is possible to ignore it [10, 11, 12] . After all the critical defects are eliminated, all the parts are opened one by one in the software called CatalystEx. CatalystEx is the software that communicates with all kinds of 3D printers from series Dimension made by the leading manufacturer of 3D printersStratasys [13, 14] . The software is able quickly and easily open 3D drawings of parts, prepare them for printing and send a print command to the printer to create the part. The software is used to scale the parts and to place them on the desired place of a pad subsequently. Correct orientation of each part in a build chamber is chosen afterwards. Finally, the support material, which prevents a collapse of the model, is added (this process is highly automated and works wonderfully).
When all these adjustments are done, estimated print time is calculated and the print command is sent to the printer. The printing process consists of two steps. All parts except the stand of the engine are printed in the first step. Printing of these 10 parts take 11 hours and 28 minutes. 101.79 cm 3 of the building material and 45.65 cm 3 of the support material is used. The Fig. 7 shows parts in the middle of the printing process and the Fig. 8 shows the parts when the printing is completed. The black colored support material is still visible attached to the model. In the second step the stand of the engine is printed. As it is the most complex part from the whole project, it take 4 hours and 42 minutes to print it. 38.7 cm 3 of the building material and 14.42 cm 3 of the support material are used. When the printing of the parts has been completed, all parts are separated from the pad and are immersed into the ultrasonic cleaner VGT1990QT from the manufacturer GT SONIC with the goal to dissolve the support material. The active substance is prepared by mixing WaterWorks Soluble Concentrate P400SC from Stratasys and water. After the parts have been removed from the cleaners tub, smoothness of surfaces is satisfactory. Therefore only the outer side of the displacer and the inner side of the cylinder have to be finished afterwards. These surfaces are sanded to achieve a smooth touch in the contact area. Sandpapers of roughness P400 and P600 are used for the job. After the surfaces have been sanded, an acrylic spray paint is applied to cover minor bumps. Sanded surfaces are satisfactory and the displacer could move along the cylinder without rubbing its inner side. All the holes presented at the model have been purposely undersized when the model has been designed. Therefore, the last part of this stage is to adjust them to the wanted size. Finally, all the parts are assembled. The Fig. 9 shows the engine after the assembly. 
Discussion
Once the model was assembled, tests were performed. The warm side of the heat exchanger was placed on the cup filled with hot water. To ensure the sufficient temperature difference between the poles of the motor, ice was laid on the cold side. In this state, the engine was left for two minutes to allow the gas to get warm. After that, the engine was started giving the light spin to the flywheel. The flywheel made a couple of turns, but then it started to slow down gradually until a standstill. The engine while in work was too loud, which was due to the friction between the parts of the engine. The model was subsequently dismantled. The reason for the increased friction could be identified. The wire that connects the fork with the displacer was damaged. The wire was straightened and lightly sanded. The airtightness of the adhesive bond between the two parts of the displacer was tested as well. After dipping the displacer under water to a depth of 20 cm no leakage of the gas was observed. The airtightness was therefore evaluated as sufficient. Subsequently, the model was re-assembled and ready for the second test.
During the second test the engine was significantly quieter, but it failed to run smoothly. The reason for the failure was a high mass of the aluminum flywheel. It has been replaced by gluing 3 compact discs together, which together weigh 45 grams. Compared to the original aluminum flywheel it was 40% lighter.
In the third test the flywheel was spun before and after heating. It could be observed that the warm engine makes more spins as the cold engine. This difference was not observed when the aluminum flywheel was used. It could therefore be postulated that the weight of the flywheel has the significant influence on engine performance and that the weight of 45 grams is more appropriate than the weight of 75 grams. After the third failed test the overall airtightness of the engine was tested. The test was performed by raising the power piston to its upper position and its free falling. The piston fell to its lowest position at a steady rate. This process was repeated 10 times and the average time of a descent of 0.98 seconds was measured. Expected time providing good sealing were 4 seconds. It was therefore clear that the engine was not sufficiently sealed. For further measurements the engine was dismounted, the displacer was removed and the hole in the stand has been blocked. The airtightness test was carried out again. In the second measurement average time of the descent was 1.32 s. An additional significant leakage of the gas took place in the area between the power piston and the cylinder. It was found that abrasive wearing of the outer wall of the working piston took place and has reduced the size of the piston to such an extent that there was now a gap large enough for air to leak. The reason for abrasive wearing was the ill centered piston in the cylinder.
Conclusion
Even when several modifications were done, the steady operation of the engine was not achieved. Main factors that impede the proper function of the device are:  As the power piston was not placed in the cylinder correctly, it rubbed against the inner side of the cylinder. Therefore the contact surfaces suffered a slight damage by an abrasion.  The cylinders were not sealed sufficiently and the gas leaked from the engine excessively.  The original aluminum flywheel was too heavy to operate. Nevertheless, the model is great for further editing and enhancement, which should lead to eliminate deficiencies of the first prototype. The more precise assembly should eliminate first two factors. To reduce the weight of the flywheel it is possible to choose the material with the lower density (e.g. the ABS plastic), or by implementing a number of lightening holes into the shape of the aluminum flywheel. Ones the engine reaches the steady operation, it will be suitable for experiments that would test different types of regenerators and its influence to engines performance.
Despite the fact that the steady operation was not achieved, the model would serve for educational purposes to demonstrate the mechanism of the Stirling engine and to familiarize the audience with the principle of its operation.
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